We theoretically study the effect of localized magnetic impurities on two-dimensional topological superconductor (TSC). We show that the local density of states (LDOS) can be tuned by the effective exchange field m, the chemical potential µ of TSC, and the distance ∆r as well as relative spin angle α between two impurities. The changes in ∆r between two impurities alter the interference and result in significant modifications to the bonding and antibonding states. Furthermore, the bound-state spin LDOS induced by single and double magnetic impurity scattering, the quantum corrals, and the quantum mirages are also discussed. Finally, we briefly compare the impurities in TSC with those in topological insulators.
I. INTRODUCTION
The study of topological insulators (TI) has attracted considerable theoretical [1] [2] [3] [4] [5] [6] and experimental [7] [8] [9] [10] [11] interest over the past few years. These studies have opened a door for exploring the promising potential applications for spintronics with TI materials by their intrinsic strong spin-orbit coupling (SOC) nature. Very recently, a series of superconductor (SC)/TI hybrid structures, named as topological superconductors (TSCs) [12, 13] , were proposed to realize Majorana fermions by using the proximity effect of SC and strong SOC of TI. Various transport proposals have been suggested to detect and manipulate the Majorana fermions [14] [15] [16] [17] [18] [19] [20] . The experimental challenge along this line remains to be overcome. In another way Shindou et al. [21] suggested that the surface-adsorbed magnetic impurities can be effectively used to explore the Majorana fermions. Unfortunately, at present a detailed and revealed study of the magnetic impurity effects on the surface spectrum of TSC is still lacking, which is unexpected since a time reversal breaking perturbation is the most natural way to reveal both the topological and the superconducting properties of TSCs.
Motivated by the above-mentioned fact, in this paper we study the impurity states and impurity interference on the two-dimensional (2D) TSC, which are different from the ordinary SC systems because of the chirality and special energy spectrum of the itinerant electron in TSC. We show that there exist critical impurity-TSC spin coupling m c (following the appellation in Ref. [22] ) and critical chemical potential µ c for a single impurity, which correspond to unpaired zero-energy states. By analyzing the spin local density of states (LDOS), a quantum transition from the spin-unpolarized to the spin-polarized state is shown when the exchange coupling parameter exceeds m c . A clear understanding of quantum interference is fundamental to our analysis of complex impurity structures. Therefore, we illustrate that the distance and the relative spin angle between two magnetic impurities can alter the quasiparticle interference effects, resulting in significant modifications to the bonding and antibonding states. For multiple impurities, we construct elliptical quantum corrals to study the spectral properties of quantum mirages and the influence of quantum corrals on the quantum interference effect between two magnetic impurities. We reveal that the nonmagnetic (antiferromagnetic) corral has strong (weak) influence. Finally, we briefly compare the impurity-TSC system with the impurity-TI system, and we find that for the latter, the intragap quasiparticle states can be arisen only when the scalar potential scatter-ing are taken into account. These findings, which can be detected by the scanning tunneling microscopy (STM) and scanning tunneling spectroscopy (STS) techniques, may be useful for determining the quasiparticle spectrum in TSC surface, and possess potential applications in quantum computation.
II. THEORETICAL FORMALISM
The 2D TSC by hybridizing an ordinary s-wave SC film with a TI film (say, for example, Bi 2 Se 3 film) is described by the Bogoliubov-de Gennes Hamiltonian [12] 
the basis for which is c k↑ , c k↓ , c † −k↑ , c † −k↓
T
. Here, for simplicity we just consider the strong SOC term
In Eq. (1) µ is the chemical potential, σ x,y are Pauli matrices of electron spin, and the s-wave gap function is simply chosen to be a constant, ∆=∆ 0 . The impurity potential can be expressed as
where S i =Sn i is the classical spin (with its orientation vector n i ) of the ith magnetic impurity, U i and J i are the scalar potential and magnetic scattering strengths, and the Pauli matrix τ z acts on the particle-hole space. We treat the impurity spin as a classical local effective exchange field m i =J i S i /2 under mean-field approximation [23] . By employing the non-self-consistent T −matrix method, we study the quantum states and interferences induced by the magnetic impurities on the TSC. The electronic Green's function in the presence of N impurities is written as
where the T −matrix is given by the Bethe-Salpeter equation
with the 4×4 materix G 0 (r, r ′ , iω) obtained from the Fourier transformation of the unperturbed Green's function
for free TSC system. At half filling µ=0, one can find an analytical expression of G 0 (r=0, iω)
for |ω| <∆ 0 , written as
where ̺=1/S is the planar density with S the area of the STC surface, and k c is high momentum cutoff. Finally, we could get
where 
where the 4×4N matrix
and the 4N×4 matrix
denote the propagation of electrons from the STM tip to the impurities as well as from the impurities to the STM tip. Here, the 4N×4N matrix T in Eq. (9) is a rewritten form of the Eq. (5) for the T −matrix,
with the impurity Hamiltonian
containing all of the impurity scattering potentials V i (i=1, · · · , N). The information about the propagation between the impurities are included in G 0 , which can be expressed as
As a result, one can obtain
where I is a 4N×4N unity matrix. Finally, by using these equations, one can easily finish the numerical calculations with N impurities, and then get the LDOS ρ (r, E) of TSC with impurities, which is given by
where G (p) (r, r ′ , ω) is the particle Green function. Furthermore, the spin LDOS is written as
For definiteness we set k c =0.3∼0.4Å −1 , v F =2.55 eV·Å, and ∆ 0 =1 meV, which give out a coherence length ξ=v F /∆ 0 =255 nm. The lattice constance is chosen as a 0 =4.25Å, and 0 + =0.02 meV in following calculations. Here the chosen value of ∆ 0 is consistent with recent theoretical prediction [12] and experimental implication [24] on Cu x Bi 2 Se 3 .
III. RESULTS AND DISCUSSIONS

A. Single magnetic impurity
Similar to the ordinary s-wave SC systems, the purely scalar potential scattering cannot form impurity bound state in the gap of TSC. Therefore, we focus on the magnetic scattering effects in the following calculations. Firstly, we consider a single magnetic impurity in STC.
We know that the T −matrix possesses poles at resonance frequencies ω
res , which can reflect the presence of bound states. The spectroscopic evidences for bound states are a pair of peaks in the LDOS, which changes with m as well as µ of the impurity-TSC system. As can easily obtain the T −matrix at half filling µ=0, written as
for a single impurity case, which gives out critical coupling
and the bound-state energies
clear from Eq. (19) that taking into account the scalar potential U in the impurity potential can effectively increase the critical coupling m c (U).
In the following calculations of µ =0, for briefness we ignore the influence of the scalar potential term (U=0). From numerical calculations, we find that the critical magnetic moment res ) decreases with increasing µ. Particularly, at a critical value µ c of the chemical potential, the particle-and hole-like bound states are degenerate at zero energy with equal spectral weight. In Fig. 1 we determine this critical chemical potential to be µ c =±320∆ 0 for the occurrence of zero-energy bound states (see the red curves). Therefore, we can conclude that by tuning the spin coupling or the host's chemical potential, the zero-energy bound states could be detected on 2D TSC by employing spectral techniques such as STS.
The occurrence of zero-energy bound states is a result of competition among the pairingcondensation energy, the magnetic interaction, and strong SOC. At these critical points, the ground state of STC may become thermodynamically unstable, arising the quantum transformation of system from spin-unpolarized to the spin-polarized state. As regarding to the spin polarization, one should consider the spin LDOS around the impurity, from which the spatially resolved spin polarization can be obtained by performing integral over energy,
as well as the total spin polarization s = r s (r). The typical spatial distribution of spin LDOS is plotted in Fig. 2 at resonance frequency ω only a z-direction spin polarization which decays with oscillations, but also an xy-plane spin polarization in the present TSC system. The spin LDOS possesses rotation symmetry about z-axis for a z-direction impurity spin, shown as Fig. 2(a) . However, the rotation symmetry is broken when the impurity spin lies in plane. We find from Fig. 2(b) , for example, that the in-plane component s (r, ω) rotates anticlockwise (clockwise) in the upper (lower) halfplane. These results can be understood by the effective magnetic field B ef f =v F k induced by the strong SOC in the 2D TSC, which is similar to the case of a magnetic impurity on TI surface [23] . Because it is locked to the momentum of electron, with the moving of electron, the spin undergoes a gyroscopic precession in the plane of perpendicular to the propagation orientation, which arises corresponding slant of spin LDOS s (r, ω).
Taking a further step, corresponding to Fig. 2(a) , we find that the total spin polarization s z ≈0.04<1/2, which indicates a negligibly small spin polarization. This is consistent with our choice of m, which is lower than m c ; when m>m c , an obvious spin polarization is observed. As a result, the resonance peaks at negative (positive) energy region possesses a particle-like and hole-like spin-chiral states |p, ր and |h, ց , respectively, where ր and ց represent two different spin chiralities. This is different from that on the ordinary swave SC surface with classical magnetic impurity, where the particle/hole spin is parallel or antiparallel to the impurity spin S [22, 25, 26] . Notice that we have not found a quantum transformation from spin-unpolarized to the spin-polarized state by increasing µ.
B. Two magnetic impurities
When the two impurities are close to each other, electrons will be scattered by both impurities, resulting in quantum interference of electronic waves. The interference effect is related to the scattering strength, the distance as well as spin angle between two impurities.
There are two important consequences occurred due to the interference effect: (i) One is that the interference can change the formation of the so-called bonding and antibonding states
, 2 ) / √ 2 for the particle-like (hole-like) states, with |p, i=1, 2 and |h, i=1, 2 being the bound states of each impurity; (ii) The other one is that the spin polarization will be altered too, which can be observed from the spin LDOS patterns.
Here, we focus on two identical magnetic impurities located at r 1 =(0, 0) and r 2 =(∆r, 0) with the same exchange field m=0.8 eV. Firstly, the LDOS for two impurities located at r 1 = (0, 0) and r 2 = (8a 0 , 0) is shown by the red curve in Fig. 3(a) , which exhibits four resonance peaks with peaks Ω i=1,2 corresponding to the particle-like states |p b,a and peaks It is obvious from Fig. 3(b) that the LDOS are located in the middle region between two impurities and reach maximum at ∆r= (4a 0 , 0), therefore, peak Ω 1 corresponds to a bounding state |p b . On the other hand, peak Ω 2 should correspond to an antibounding state |p a since the LDOS vanishes at middle point between two impurities, see Fig. 3(c) .
However, the interference pattern between the bonding and antibonding states changes by varying the distance between the two impurities, i.e., the parity and resonance energy of the two-impurity states oscillate with increasing impurity separation. This can be observed from states are found, while there appears four non-degenerate bound states with increasing ∆r to be larger than 4a 0 . With further increasing ∆r, the interference effect during the electron scattering processes by both impurities gets so weak that the bound states become
degenerate.
An additional result of quantum interference between two impurities is the change with the position of STM tip r in the number of observable low-energy resonance peaks. For illustration we present in Fig. 4(a) the LDOS as a function of r= (r, 0) for two impurities with parallel spins located at r 1 = (0, 0) and r 2 = (8a 0 , 0). From four main low-energy intragap resonances Ω i=1,···,4 , one can find that the resonance amplitude of particle-like (hole-like)
peaks Ω 1 and Ω 2 (Ω 3 and Ω 4 ) varies obviously (unobviously) with r. For example, for the uppermost curve r= (3a 0 , 0), the peak Ω 1 (Ω 2 ) is sharp (smooth), while it is weaker (stronger) when the tip moves to r= (9a 0 , 0), see the bottom curve in Fig. 4(a) . This is consistent with Fig. 3(b) because Ω 1 corresponds to a bonding state |p b . As mentioned above, the quantum interference effect could also be tuned through varying the angle α 2 between two impurity spins, as shown in Fig. 4(b) for two impurities apart 8a 0 . We find that the resonance frequencies Ω i change with α 2 .
We also investigate the spin LDOS interference patterns of two impurities apart 8a 0 with parallel spins in the z-direction, and the results are presented in Fig. 5 . It is found from 
C. Multiple impurities-quantum corral
The nanostructrues, such as quantum corrals constructed by impurities on STC, is also an issue of importance since different impurity structures usually lead to different quantum interference behaviors. Here, as an illustrative example, we briefly consider the spectral property of elliptical quantum corrals with semimaxes a=10a 0 , b=8.66a 0 , and foci f ± = (±5a 0 , 0), which are constructed by 30 nonmagnetic or magnetic impurities on STC. In the following, we fix µ=0.2 eV and define U i =0.8 eV for scalar impurities (J i =0), while m i =0.8 eV (U i =0)
for magnetic ones.
Firstly, we consider the quantum mirage effect of a magnetic impurity that is projected from the occupied into the empty focus of elliptical corrals. The numerical spectral property of mirage versus the energy ω are presented in Figs. 6(a) and 6(b) for nonmagnetic and antiferromagnetic quantum corrals, respectively. The resonance peaks Ω 1,2 of the mirage at empty focus f − (blue curve) are in good agreement with those at occupied focus f + (red curve), i.e., the mirage is clear. Comparing with the case without corral, we find that the nonmagnetic corral unsymmetrically shifts the particle-like and hole-like peaks. In Fig. 6(a) the particle-like peak is shifted down by δΩ 1 =0.27∆ 0 , while the hole-like peak is shifted up by δΩ 2 =0.44∆ 0 . Surprisingly, although the mirage is obvious in antiferromagnetic corral
[ Fig. 6(b) ], the resonance peaks without corral are not shifted by antiferromagnetic one in 2D TSC.
Furthermore, the influence of quantum corrals on the quantum interference effects between two spin-parallel magnetic impurities apart 2 |f + | on the TSC surface are also dis- However, the antiferromagnetic corral represents weak influence (the splitting of bound state peaks is almost the same as that without corral, see Fig. 6(d) ). This result is different from that in ordinary SC system [25] . We also find that the influence of corrals can be changed by tuning the host chemical potential. When µ=0.25 eV, for example, in the absence of corral the splitting of peaks is δΩ/∆ 0 =0.595, while it increases to δΩ ′ /∆ 0 =0.65 in the presence of an antiferromagnetic corral.
IV. COMPARISON WITH IMPURITY-TI SYSTEM
Before ending this paper, we would like to qualitatively compare the magnetic impurities on TSC with those on TI surface. For briefness, we just consider one-and two-impurity cases. In the presence of magnetic impurities, the TI surface is described by where 2∆ 0 in the third term is the energy gap induced by the effective mass of Dirac fermions.
The eigenvalues of the free part of Eq. (22) are
which indicates that the chemical potential is not important for impurity scattering in TI since it just move the levels up and down.
The numerically calculated LDOS at impurity site r 1 = (0, 0) for TI surface with µ=0.2 eV are shown in Fig. 7 , in which the black curves are for clean surface, and the blue (red) curves are for TI surface with one (two) impurity. In Figs. 7(a) and 7(b), we set the scalar scattering potential U=0, while U =0 in Fig. 7(c) . One can see that the low-energy LDOS is reshaped prominently by the impurity scattering on massless as well as massive TI surface. For example, in Fig. 7 (a) the resonance peaks (blue curve) induced by one impurity are smoothed (blue curve) due to the interference between two impurities. Similar to the impurity on STC surface, the particle-hole symmetry holds on if we ignore U; Differing from the case of TSC surface, however, we find that the magnetic impurity on TI surface does not introduce intragap resonance peaks if one ignores U, see Fig. 7(b) . When the scalar potential is taken into account, we find that, on one hand, the scalar potential introduces intragap resonance peaks, which differs from the TSC case. On the other hand, the particle-hole symmetry is now broken, as shown in Fig. 7(c) . These resonance states could be resolved from STM measurements, and thereby we hope the different impurity effects in TSC and TI materials could be found in experiment.
V. CONCLUSION
In summary, we have studied the spectral properties of quasiparticle states induced by localized classical magnetic impurities on 2D TSC. For the single impurity case, the critical exchange field m c and critical chemical potential µ c are determined, and moreover, the spin LDOS is discussed. Spin polarization transformation has been found in TSC system when m>m c . For two-impurity scattering, we have discussed the interference effects by changing the distance and relative spin angle between two impurities. We have showed that the bound states can be changed by varying the distance between the two impurities. The quantum mirages and the influence of quantum corrals on the quantum interference effect between two impurities have also been analyzed. The nonmagnetic corral exhibits stronger influence than the antiferromagnetic one. Finally, we briefly compare the impurities in TSC with those in TI. The results illustrated that the intragap resonance states could be found in TI so long as the scalar scattering potential is taken into account. These predictions, which could be observed by STM and STS techniques, may be useful for exploring the electronic structures of TSC as well as TI materials. 
